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REPRESENTATIONS OF TWISTED TOROIDAL LIE
ALGEBRAS FROM TWISTED MODULES OVER
VERTEX ALGEBRAS
BOJKO BAKALOV AND SAMANTHA KIRK
Abstract. Given a simple finite-dimensional Lie algebra and an
automorphism of finite order, one defines the notion of a twisted
toroidal Lie algebra. In this paper, we construct representations of
twisted toroidal Lie algebras from twisted modules over affine and
lattice vertex algebras.
1. Introduction
A toroidal Lie algebra is the universal central extension of the ten-
sor product of a simple finite-dimensional Lie algebra g and the ring
of Laurent polynomials in r variables. Moody, Rao, and Yokonuma
were the first to introduce toroidal Lie algebras in [41], which led to
constructions of representations of toroidal Lie algebras from vertex op-
erators in works such as [9, 13, 14, 24, 25, 42, 43]. In a fashion similar
to twisted affine Lie algebras [26], Fu and Jiang [21] used diagram auto-
morphisms of g of finite order to construct twisted toroidal Lie algebras
and studied their integrable modules. Some representations of twisted
toroidal Lie algebras were constructed in works such as [1, 11, 23].
Vertex algebras have proven to be a useful tool in constructing vertex
operator representations of infinite-dimensional Lie algebras [10, 16, 19,
27, 30, 36]. Some examples include the use of lattice vertex algebras to
generalize the Frenkel–Kac realization of affine Kac–Moody algebras in
terms of vertex operators [10, 18] and the use of tensor products of ver-
tex algebras to create representations of untwisted toroidal Lie algebras
by Berman, Billig, and Szmigielski [5]. Twisted vertex operators first
appeared in applications such as the principal realization of affine Kac–
Moody algebras [28, 38] and the Frenkel–Lepowsky–Meurman con-
struction of the moonshine vertex operator algebra [19, 32]. These
twisted vertex operators led to the notion of a twisted module over a
vertex algebra [3, 12, 15, 35].
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In this paper, we use twisted modules over affine and lattice vertex
algebras to construct representations of twisted toroidal Lie algebras.
Our paper is influenced by Berman, Billig, and Szmigielski’s work on
constructing representations of untwisted toroidal Lie algebras in [5, 6,
9] and we will rely on their notation in our description of toroidal Lie
algebras.
The paper is organized as follows. In Section 2, we provide back-
ground information on vertex algebras. In Section 3, we connect rep-
resentations of affine Kac–Moody Lie algebras with twisted modules
over affine vertex algebras. In Section 4, we use the representations
of affine Kac–Moody algebras presented in Section 3 as the framework
to build representations of twisted toroidal Lie algebras from twisted
modules over a tensor product of an affine vertex algebra and lattice
vertex algebras. Unless otherwise specified, all vector spaces, linear
maps and tensor products will be over the field C of complex numbers.
2. Preliminaries
The purpose of this section is to review basic definitions and establish
notation for vertex algebras. For more details, we refer the reader to
[3, 16, 27, 36].
2.1. Vertex algebras. Recall that a vertex algebra [16, 27, 36] is a
vector space V with a distinguished vector 1 ∈ V (vacuum vector),
equipped with bilinear n-th products for n ∈ Z:
(2.1) V ⊗ V → V, a⊗ b 7→ a(n)b,
subject to the following axioms. First, for every fixed a, b ∈ V , we have
a(n)b = 0 for sufficiently large n (denoted n≫ 0). Second, the vacuum
vector 1 plays the role of a unit in the sense that
a(−1)1 = 1(−1)a = a, a(n)1 = 0, n ≥ 0.
Finally, the main axiom of a vertex algebra is the Borcherds identity
(also called Jacobi identity [19]) satisfied for all a, b, c ∈ V and k,m, n ∈
Z:
∞∑
j=0
(
m
j
)
(a(k+j)b)(m+n−j)c =
∞∑
i=0
(
k
i
)
(−1)ia(m+k−i)(b(n+i)c)
−
∞∑
i=0
(
k
i
)
(−1)k+i b(n+k−i)(a(m+i)c).
(2.2)
Note that all sums in (2.2) are in fact finite. We can view (2.1) as
defining a sequence of linear operators a(n) on V , for a ∈ V , n ∈ Z,
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called the modes of a. Setting k = 0 in the Borcherds identity, we
obtain the commutator formula
(2.3) [a(m), b(n)] =
∞∑
j=0
(
m
j
)
(a(j)b)(m+n−j),
which will be very useful for us.
It is convenient to organize the modes into formal power series
(2.4) Y (a, z) =
∑
n∈Z
a(n)z
−n−1, a ∈ V,
called fields or vertex operators. The linear map Y : V → (EndV )[[z, z−1]]
is known as the state-field correspondence. Observe that Y (1, z) = I is
the identity operator.
Introduce the translation operator T ∈ End(V ) defined by Ta =
a(−2)1. Then
(2.5) [T, Y (a, z)] = Y (Ta, z) = ∂zY (a, z),
or equivalently,
(2.6) [T, a(n)] = (Ta)(n) = −na(n−1).
In particular, T is a derivation of all n-th products.
Another important consequence of the Borcherds identity is the (−1)-
st product identity (a, b ∈ V ):
Y (a(−1)b, z) = :Y (a, z)Y (b, z):
=
∑
n<0
a(n)z
−n−1Y (b, z) +
∑
n≥0
Y (b, z)a(n)z
−n−1.(2.7)
The double colons in (2.7) denote the so-called normally-ordered prod-
uct. Combining (2.5)–(2.7), we get
(2.8) Y (a(−1−m)b, z) =
1
m!
:(∂mz Y (a, z))Y (b, z):, m ≥ 0.
Finally, recall that the tensor product of two vertex algebras V1 and
V2 is again a vertex algebra [17] with a vacuum vector 1 ⊗ 1 and a
state-field correspondence given by (a ∈ V1, b ∈ V2):
(2.9) Y (a⊗ b, z) = Y (a, z)⊗ Y (b, z) =
∑
k,m∈Z
a(k) ⊗ b(m)z
−k−m−2.
In terms of modes, we have
(2.10) (a⊗ b)(n) =
∑
k∈Z
a(k) ⊗ b(n−k−1).
The translation operator in V1 ⊗ V2 is T ⊗ I + I ⊗ T .
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2.2. Twisted modules over vertex algebras. Let V be a vertex
algebra and σ be an automorphism of V , i.e., a linear operator such that
σ(1) = 1 and σ(a(n)b) = (σa)(n)(σb) for all a, b ∈ V , n ∈ Z. Suppose
that σN = I for some positive integer N . Then σ is diagonalizable on
V .
A σ-twisted V -module [12, 15] is a vector space M endowed with a
linear map Y M : V → (EndM)[[z1/N , z−1/N ]],
(2.11) Y M(a, z) =
∑
m∈ 1
N
Z
aM(m)z
−m−1, a ∈ V,
subject to the following axioms. First, for every a ∈ V , v ∈ M , we
have aM(m)v = 0 for m≫ 0. Next, Y
M(1, z) = I and
(2.12) Y M(σa, z) = Y M(a, e2πiz),
where the meaning of the right-hand side is that we replace z−m−1 with
e−2πi(m+1)z−m−1 in each summand of (2.11). Explicitly, (2.12) means
that if a is an eigenvector of σ, then in (2.11) we only have terms
with m ∈ 1
N
Z such that σa = e−2πima. Finally, we have the twisted
Borcherds identity for any a, b ∈ V , c ∈M , k ∈ Z, m,n ∈ 1
N
Z:
∞∑
j=0
(
m
j
)
(a(k+j)b)
M
(m+n−j)c =
∞∑
i=0
(
k
i
)
(−1)iaM(m+k−i)(b
M
(n+i)c)
−
∞∑
i=0
(
k
i
)
(−1)k+i bM(n+k−i)(a
M
(m+i)c),
(2.13)
provided that σa = e−2πima.
In particular, we have the commutator formula for a, b ∈ V and
m,n ∈ 1
N
Z such that σa = e−2πima:
(2.14) [aM(m), b
M
(n)] =
∞∑
j=0
(
m
j
)
(a(j)b)
M
(m+n−j).
The translation covariance properties (2.5) and (2.6) remain valid for
twisted modules. However, formula (2.8) does not hold for twisted
modules; it is replaced by [30, Eq. (14.16)].
Let V1 and V2 be vertex algebras with finite-order automorphisms σ1
and σ2, respectively. Then σ1 ⊗ σ2 is an automorphism of the tensor
product vertex algebra V1 ⊗ V2. Given σi-twisted Vi-modules Mi (i =
1, 2), their tensor product M1 ⊗ M2 is a σ1 ⊗ σ2-twisted module of
V1 ⊗ V2 with
(2.15) Y M1⊗M2(a⊗ b, z) = Y M1(a, z)⊗ Y M2(b, z), a ∈ V1, b ∈ V2,
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see [2, 17].
2.3. Lattice vertex algebras. Let Q be an integral lattice of rank
ℓ, i.e., a free abelian group of rank ℓ with a symmetric bilinear form
(·|·) : Q × Q → Z. We will assume that Q is even, which means that
|α|2 = (α|α) ∈ 2Z for all α ∈ Q. Let h = C⊗Z Q and extend the form
(·|·) to h using bilinearity.
The Heisenberg Lie algebra hˆ is defined as
hˆ = (h⊗ C[t, t−1])⊕ CK
with the Lie brackets (h, h′ ∈ h, m,n ∈ Z):
(2.16) [h⊗ tm, h′ ⊗ tn] = mδm,−n(h|h
′)K, [hˆ, K] = 0.
We will use the notation h(m) = h⊗ t
m. The Lie algebra hˆ has a unique
highest-weight representation on the so-called bosonic Fock space
B = Indhˆ
h[t]⊕CK C ≃ S(t
−1h[t−1]),
where K acts as I and h[t] acts trivially on C. The Fock space B has
the structure of a vertex algebra with a vacuum vector 1 the highest-
weight vector and the state-field correspondence Y defined as follows.
For h ∈ h, we identify h with h(−1)1 ∈ B and let
(2.17) Y (h, z) =
∑
m∈Z
h(m)z
−m−1, h ∈ h
be the free boson fields. All other fields in B are obtained from them
by applying repeatedly formula (2.8); see [16, 27, 36].
There exists a bimultiplicative function ε : Q×Q→ {±1} such that
(2.18) ε(α, α) = (−1)|α|
2(|α|2+1)/2, α ∈ Q.
By bimultiplicativity, ε satisfies
ε(α, β)ε(β, α) = (−1)(α|β), α, β ∈ Q.
We can use ε to define the twisted group algebra Cε[Q] with basis
{eα}α∈Q and multiplication
eαeβ = ε(α, β)eα+β.
The representation of hˆ can be extended to the space
VQ = B ⊗ Cε[Q]
by the action
h(m)(u⊗ e
β) = (h(m)u+ δm,0(h|β)u)⊗ e
β
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for h ∈ h, m ∈ Z, u ∈ B and β ∈ Q. In particular, note that eβ is a
highest-weight vector for the Heisenberg Lie algebra:
(2.19) h(m)e
β = δm,0(h|β)e
β, m ≥ 0, h ∈ h, β ∈ Q.
We can also represent the algebra Cε[Q] on VQ by
eα(u⊗ eβ) = ε(α, β)(u⊗ eα+β)
for u ∈ B and α, β ∈ Q.
For simplicity of notation, we will write eα for 1 ⊗ eα ∈ VQ and h
for h(−1)1 ⊗ e
0 ∈ VQ, where α ∈ Q and h ∈ h. The space VQ has the
structure of a vertex algebra called the lattice vertex algebra, with a
vacuum vector 1 ⊗ e0 and a state-field correspondence generated by
the free boson fields (2.17) and the so-called vertex operators
(2.20) Y (eα, z) = eαzα(0) exp
(
∞∑
n=1
α(−n)
zn
n
)
exp
(
∞∑
n=1
α(n)
z−n
−n
)
.
In this formula, zα(0) acts on VQ by
zα(0)(u⊗ eβ) = z(α|β)(u⊗ eβ), u ∈ B, α, β ∈ Q.
For future use, we also recall the action of the translation operator:
(2.21) Teα = α(−1)e
α, α ∈ Q.
Suppose σ ∈ Aut(Q) where σN = I and extend σ to h by linearity.
Then σ lifts to an automorphism of the Heisenberg Lie algebra hˆ by
σ(h(m)) = (σh)(m), and to an automorphism of the vertex algebra B so
that σ1 = 1. Since the cocycles ε(α, β) and ε(σα, σβ) are equivalent,
there is a map η : Q→ {±1} such that
η(α)η(β)ε(α, β) = η(α + β)ε(σα, σβ), α, β ∈ Q.
The map η can be chosen so that η(α) = 1 if σα = α (see [2]). We can
lift σ to an automorphism of VQ by σ(e
α) = η(α)eσα. Notice that the
order of the lift σ ∈ Aut(VQ) is N or 2N . The irreducible σ-twisted
VQ-modules were classified in [3] (see also [12, 35]).
3. Vertex operator representations of affine Kac–Moody
algebras
In this section, we construct representations of affine Kac–Moody
algebras from twisted modules over affine vertex algebras.
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3.1. Affine Kac–Moody algebras. Let g be a simple finite-dimensional
Lie algebra of type Xℓ where X = A,B,C, . . . , G. Recall that the affine
Kac-Moody algebra of type X
(1)
ℓ is defined as [26]:
Lˆ(g) = (g⊗ C[t, t−1])⊕ CK ⊕ Cd,
with the Lie brackets
[a⊗ tm, b⊗ tn] = [a, b]⊗ tm+n +mδm,−n(a|b)K,
[K, Lˆ(g)] = 0,
[d, a⊗ tm] = ma⊗ tm,
(3.1)
for a, b ∈ g and m,n ∈ Z. Here (·|·) is a nondegenerate symmetric
invariant bilinear form on g, such as a scalar multiple of the Killing
form. We will denote by gˆ or Lˆ′(g) the subalgebra of Lˆ(g) given by
gˆ = Lˆ′(g) = (g⊗ C[t, t−1])⊕ CK.
Let σ be an automorphism of the Lie algebra g of finite order N . We
can define a subalgebra Lˆ(g, σ) of Lˆ(g) by
(3.2) Lˆ(g, σ) =
⊕
j∈Z
L(g, σ)j ⊕ CK ⊕ Cd,
where
L(g, σ)j = gj ⊗ Ct
j , j ∈ Z,
gj = {a ∈ g | σa = e
2πij/Na}.
(3.3)
When g is simply laced (of type X = A,D,E) and σ is a diagram
automorphism of order N = 2 or 3, then the Lie algebra Lˆ(g, σ) is
known as the twisted affine Kac–Moody algebra of type X
(N)
ℓ . We will
denote by Lˆ′(g, σ) the subalgebra of Lˆ(g, σ) given by
Lˆ′(g, σ) =
⊕
j∈Z
L(g, σ)j ⊕ CK.
If σ is an arbitrary automorphism of g (simply or non-simply laced) of
finite order N , then there exists an associated diagram automorphism
µ (where the order of µ is 1, 2, or 3, depending on g) and an inner
automorphism ϕ such that σ = µϕ. Then the Lie algebra Lˆ(g, σ) is
isomorphic to Lˆ(g, µ); see [26, Proposition 8.1, Theorem 8.5].
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3.2. Affine vertex algebras. Suppose g is a simple finite-dimensional
Lie algebra, equipped with a nondegenerate symmetric invariant bilin-
ear form (·|·). Consider the Lie algebra gˆ = Lˆ′(g) with the brackets
given by the first two equations in (3.1). For a fixed k ∈ C (called the
level), consider the (generalized) Verma module for gˆ:
Vk(g) = Ind
gˆ
g[t]⊕CK C,
where g[t] acts as 0 on C and K acts as multiplication by k. The
module Vk(g) has the structure of a vertex algebra [20], called the
universal affine vertex algebra at level k. The gˆ-module Vk(g) has a
unique irreducible quotient V k(g), which is also a vertex algebra [20],
known as the simple affine vertex algebra at level k.
Let us review the vertex algebra structure of V = Vk(g); the same
applies to V = V k(g) as well. The vacuum vector 1 is the highest-
weight vector of the gˆ-module V . We shall not review the full state-
field correspondence Y but only the generating fields. For a ∈ g and
n ∈ Z, let a(n) act as a⊗ t
n on V . We embed g in V so that we identify
a ∈ g with a(−1)1 ∈ V . Then we have the fields
Y (a, z) =
∑
n∈Z
a(n)z
−n−1, a ∈ g,
known as currents. All other fields in V are obtained from them by
applying repeatedly formula (2.8); see [16, 27, 36].
For a, b ∈ g ⊂ V , their modes satisfy the commutation relations of
the Lie algebra gˆ:
(3.4) [a(m), b(n)] = [a, b](m+n) +mδm,−n(a|b)k.
By the commutator formula (2.3), this is equivalent to the j-th products
(3.5) a(0)b = [a, b], a(1)b = (a|b)k1, a(j)b = 0 (j ≥ 2).
One can show that a Vk(g)-module is the same as a gˆ-module M with
the property that a(n)v = 0 for a ∈ g, v ∈ M and n ≫ 0 (see [20, 30,
36]). In the next subsection, we will obtain a similar result for twisted
Vk(g)-modules (cf. [30, 31]).
3.3. Twisted modules over Vk(g) and twisted affine Lie alge-
bras. As in Section 3.1, let g be a simple finite-dimensional Lie algebra
and σ ∈ Aut(g) such that σN = I. We can extend σ uniquely to an
automorphism of the universal affine vertex algebra Vk(g) by
(3.6) σ(1) = 1, σ(a(m)) = (σa)(m), a ∈ g, m ∈ Z.
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Proposition 3.1. For any σ-twisted Vk(g)-module M , the Lie algebra
spanned by the modes of the fields Y M(a, z) for a ∈ g form a repre-
sentation of the twisted affine Kac–Moody algebra Lˆ′(g, σ−1) on M of
level k.
Proof. We will define a Lie algebra homomorphism from Lˆ′(g, σ−1) to
the modes of the fields Y M(a, z). By linearity, since σ is diagonalizable,
we can assume that a ∈ g is an eigenvector of σ. Suppose that σa =
e−2πij/Na for some j ∈ Z. Then by (3.3), we have a⊗ tj ∈ Lˆ(g, σ−1)j.
On the other hand, the property (2.12) of twisted modules implies that
in the expansion (2.11) of Y M(a, z), we only have modes aM(m) such that
m ∈ j
N
+Z. We define a linear map from Lˆ′(g, σ−1) to the span of these
modes, by sending a ⊗ tj to aM(j/N). We also send K to kI as a linear
operator on M .
To check that this is a Lie algebra homomorphism, we compute the
commutator of modes, which is given by the σ-twisted commutator
formula (2.14). Using (3.5), we obtain
[aM(m), b
M
(n)] = [a, b]
M
(m+n) +mδm,−n(a|b)k,
for a, b ∈ g and m,n ∈ 1
N
Z such that σa = e−2πima and σb = e−2πinb.
As this coincides with the Lie bracket (3.1) in Lˆ′(g, σ−1) with K = kI,
the claim follows.
Remark 3.2. When σ is an inner automorphism of g, then Lˆ′(g, σ−1) ≃
Lˆ′(g) = gˆ is an untwisted affine Lie algebra.
Suppose now g is a simple Lie algebra of type Xℓ where X = A,D,E
(simply laced). Let ∆ be its root system and Q = Z∆ its root lattice.
Let σ be an automorphism of the lattice Q of finite order N . Recall
from Section 2.3 that we can use Q to construct the lattice vertex
algebra VQ, and we can lift σ to an automorphism of the lattice vertex
algebra VQ.
Corollary 3.3 (cf. [29, 30]). For any σ-twisted VQ-module M , the
modes of the free bosons Y M(h, z) for h ∈ h and the modes of the
vertex operators Y M(eα, z) for α ∈ ∆ span a representation of the
twisted affine Kac–Moody algebra Lˆ′(g, σ−1) on M .
Proof. By the Frenkel–Kac construction [18], the lattice vertex algebra
VQ is isomorphic to the simple affine vertex algebra V
1(g) (see [27,
Theorem 5.6 (c)]). The map σ induces an automorphism of g and
hence of V 1(g). Recall that V 1(g) is a quotient of the universal affine
vertex algebra V1(g). Thus any σ-twisted V
1(g)-module M is also a
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σ-twisted module for V1(g). The claim then follows from Proposition
3.1.
Remark 3.4. If g0 is a non-simply laced Lie algebra, then g0 can be
embedded in a simply laced Lie algebra g as the set of fixed points
under a diagram automorphism µ of g. We can use Corollary 3.3 to
construct representations of Lˆ′(g, σ−1) and then restrict them to the
subalgebra Lˆ′(g0); see [8, 22]. Level-one representations of affine Kac–
Moody algebras associated to non-simply laced Lie algebras have been
explored in papers such as [34, 39, 40, 44].
4. Vertex operator representations of toroidal Lie
algebras
In this section, we construct representations of toroidal Lie algebras
from twisted modules over a tensor product of an affine vertex algebra
and a certain lattice vertex algebra.
4.1. Untwisted toroidal Lie algebras. Through the rest of the pa-
per, we fix a positive integer r and a simple finite-dimensional Lie
algebra g equipped with a nondegenerate symmetric invariant bilinear
form (·|·). We will use variables t0, t1, . . . , tr and multi-index notation
t = (t1, . . . , tr), m = (m1, . . . , mr) ∈ Z
r, tm = tm11 · · · t
mr
r .
Consider the loop algebra Lr+1(g) in r + 1 variables
Lr+1(g) = g⊗O, O = C[t
±1
0 , t
±1
1 , . . . , t
±1
r ],
with the Lie bracket given by (a, b ∈ g, m0, n0 ∈ Z, m,n ∈ Z
r):
[a⊗ tm00 t
m, b⊗ tn00 t
n] = [a, b]⊗ tm0+n00 t
m+n.
Next, we create a central extension Lˆ′r+1(g) of Lr+1(g):
Lˆ′r+1(g) = Lr+1(g)⊕K,
where
(4.1) K =
( r⊕
i=0
CKi ⊗O
)/
spanC
{ r∑
i=0
miKi ⊗ t
m0
0 t
m
∣∣∣mi ∈ Z}.
The Lie brackets in Lˆ′r+1(g) are given by:
[a⊗ tm00 t
m, b⊗ tn00 t
n] = [a, b]⊗ tm0+n00 t
m+n(4.2)
+ (a|b)
r∑
i=0
miKi ⊗ t
m0+n0
0 t
m+n,
[K, Lˆ′r+1(g)] = 0.(4.3)
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By Kassel’s Theorem, the central extension Lˆ′r+1(g) of Lr+1(g) is uni-
versal [33] (setting Ki = t
−1
i dti allows us to identify K with O/dO).
The Lie algebra Lˆ′r+1(g) is known as the (untwisted) toroidal Lie alge-
bra [41].
It will be convenient to slightly modify the definition of Lˆ′r+1(g) as
follows. For a given complex number k (called the level), we replace
the bracket (4.2) with:
[a⊗ tm00 t
m, b⊗ tn00 t
n] = [a, b]⊗ tm0+n00 t
m+n
+ k(a|b)
r∑
i=0
miKi ⊗ t
m0+n0
0 t
m+n.
(4.4)
The resulting Lie algebra Lr+1(g)⊕K with brackets (4.3), (4.4) will be
denoted as Lˆ′r+1,k(g) and called the (untwisted) toroidal Lie algebra of
level k. Notice that, for k 6= 0, formulas (4.2) and (4.4) are equivalent
after rescaling the bilinear form (·|·) or rescaling the central elements
K0, . . . , Kr.
Now we will add derivations to our toroidal Lie algebra, as in [9].
We let D be the Lie algebra of derivations of O given by
D =
{ r∑
i=0
di ⊗ fi
∣∣∣ fi ∈ O}, di = ti ∂
∂ti
,
and D+ be the subalgebra of D given by
D+ =
{ r∑
i=1
di ⊗ fi
∣∣∣ fi ∈ O}.
Then the elements of D+ extend uniquely to derivations of the Lie
algebra Lˆ′r+1(g) by (a ∈ g, 1 ≤ i, j ≤ r):
(di ⊗ t
m0
0 t
m)(a⊗ tn00 t
n) = nia⊗ t
m0+n0
0 t
m+n,
(di ⊗ t
m0
0 t
m)(Kj ⊗ t
n0
0 t
n) = niKj ⊗ t
m0+n0
0 t
m+n
+ δi,j
r∑
l=0
mlKl ⊗ t
m0+n0
0 t
m+n.
The Lie algebra we will consider in this paper, which we will refer to
again as a toroidal Lie algebra of level k, is
Lˆr+1,k(g) = Lˆ
′
r+1,k(g)⊕D+
with the Lie brackets given by (4.3), (4.4) and (a ∈ g, ml, nl ∈ Z,
1 ≤ i, j ≤ r):
[di ⊗ t
m0
0 t
m, a⊗ tn00 t
n] = nia⊗ t
m0+n0
0 t
m+n,(4.5)
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[di ⊗ t
m0
0 t
m, Kj ⊗ t
n0
0 t
n] = niKj ⊗ t
m0+n0
0 t
m+n(4.6)
+ δi,j
r∑
l=0
mlKl ⊗ t
m0+n0
0 t
m+n,
[di ⊗ t
m0
0 t
m, dj ⊗ t
n0
0 t
n] = nidj ⊗ t
m0+n0
0 t
m+n(4.7)
−mjdi ⊗ t
m0+n0
0 t
m+n − nimj
r∑
l=0
mlKl ⊗ t
m0+n0
0 t
m+n.
The last term in (4.7) corresponds to a K-valued 2-cocycle on D+. For
more information on derivations of toroidal Lie algebras and 2-cocycles,
see [6]. Notice that, for k 6= 0, if we rescale the generators K0, . . . , Kr
in order to replace (4.4) with (4.2), the 2-cocycle gets rescaled by 1/k.
4.2. Twisted toroidal Lie algebras. As before, fix a level k ∈ C,
and let σ be an automorphism of order N of a simple finite-dimensional
Lie algebra g. As in (3.3), we denote by gj (j ∈ Z) the eigenspace of σ
with eigenvalue e2πij/N . Note that the σ-invariance of (·|·) implies
(4.8) (a|b) = 0, a ∈ gm, b ∈ gn, m+ n 6≡ 0 mod N.
Consider the subalgebra Lr+1(g, σ) of the loop algebra Lr+1(g) given
by
Lr+1(g, σ) =
⊕
m0∈Z
Lr+1(g, σ)m0 ,
where
Lr+1(g, σ)m0 = gm0 ⊗ spanC
{
tm00 t
m
∣∣m0 ∈ Z, m ∈ Zr}.
Let
K′ =
spanC
{
Ki ⊗ t
Nm0
0 t
m
∣∣m0 ∈ Z, m ∈ Zr, i = 0, . . . , r}
spanC
{(
Nm0K0 +
∑r
i=1miKi
)
⊗ tNm00 t
m
∣∣mi ∈ Z} .
We can identify K′ as the subspace of K given by the image of
spanC
{
Ki ⊗ t
Nm0
0 t
m
∣∣m0 ∈ Z, m ∈ Zr, i = 0, . . . , r}
under the quotient map
⊕r
i=0CKi ⊗ O → K (cf. (4.1)). Then the
central extension
Lˆ′r+1,k(g, σ) = Lr+1(g, σ)⊕K
′ ⊂ Lˆ′r+1,k(g)
is a subalgebra of Lˆ′r+1,k(g), thanks to (4.4), (4.8). When σ is a diagram
automorphism, Lˆ′r+1,1(g, σ) is known as the twisted toroidal Lie algebra
[21]. We will continue to use that terminology for an arbitrary finite-
order automorphism σ of g.
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As in Section 4.1, we can add to Lˆ′r+1,k(g, σ) a subalgebra of the Lie
algebra of derivations D of O. We define
(4.9) Lˆr+1,k(g, σ) = Lˆ
′
r+1,k(g, σ)⊕D
′
+
where
D′+ = spanC
{
di ⊗ t
Nm0
0 t
m
∣∣m0 ∈ Z, m ∈ Zr, i = 1, . . . , r}.
It is easy to see from (4.5)–(4.7) that Lˆr+1,k(g, σ) is a subalgebra of the
toroidal Lie algebra Lˆr+1,k(g). We will also call Lˆr+1,k(g, σ) the twisted
toroidal Lie algebra of level k.
4.3. Twisted modules over Vk(g)⊗ VJ and twisted toroidal Lie
algebras. We will now explore the relationship between twisted toroidal
Lie algebras in r + 1 variables and the tensor product of the universal
affine vertex algebra Vk(g) with the lattice vertex algebra correspond-
ing to r copies of a certain rank-2 lattice. The level k ∈ C will be fixed
through the end of the section.
As before, consider an automorphism σ of finite order N of a simple
finite-dimensional Lie algebra g, and the twisted toroidal Lie algebra
(of level k) Lˆr+1,k(g, σ) defined by (4.9). For i = 1, . . . , r, let Ji be the
lattice given by
(4.10) Ji = Zδ
i ⊕ ZΛi0, (δ
i|Λi0) = 1, (δ
i|δi) = (Λi0|Λ
i
0) = 0.
We define a bimultiplicative function ε : Ji × Ji → {±1} satisfying
(2.18) by ε(δi,Λi0) = −1 and ε = 1 for all other pairs of generators.
Then we can form the lattice vertex algebra VJi as in Section 2.3.
Introduce the orthogonal direct sum
(4.11) J = J1 ⊕ · · · ⊕ Jr,
and extend ε to J×J by ε(δi,Λj0) = −1 for i = j and ε = 1 for all other
pairs of generators. Then the lattice vertex algebra VJ is isomorphic
to the tensor product:
(4.12) VJ ≃ VJ1 ⊗ · · · ⊗ VJr .
As preparation for our main theorem, we need to calculate some n-th
products in VJ . We will use the notation
pδ =
r∑
i=1
piδ
i, p = (p1, . . . , pr) ∈ Z
r.
Lemma 4.1. The lattice vertex algebra VJ has the following n-th prod-
ucts for p, q ∈ Zr and i, j = 1, . . . , r :
epδ(−1)e
qδ = e(p+q)δ,
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epδ(−2)e
qδ = (pδ)(−1)e
(p+q)δ,(
u(−1)e
pδ
)
(n)
(
v(−1)e
qδ
)
= 0 for n ≥ 0, u, v ∈ {1, δ1, . . . , δr},(
Λi0(−1)e
pδ
)
(0)
eqδ = qi e
(p+q)δ,(
Λi0(−1)e
pδ
)
(n)
eqδ = 0 for n ≥ 1,(
Λi0(−1)e
pδ
)
(0)
(
δj(−1)e
qδ
)
= qiδ
j
(−1)e
(p+q)δ + δi,j(pδ)(−1)e
(p+q)δ,(
Λi0(−1)e
pδ
)
(1)
(
δj(−1)e
qδ
)
= δi,je
(p+q)δ,(
Λi0(−1)e
pδ
)
(n)
(
δj(−1)e
qδ
)
= 0 for n ≥ 2,(
Λi0(−1)e
pδ
)
(0)
(
Λj0(−1)e
qδ
)
=
(
−pjΛ
i
0(−1) + qiΛ
j
0(−1) − qipj(pδ)(−1)
)
e(p+q)δ,(
Λi0(−1)e
pδ
)
(1)
(
Λj0(−1)e
qδ
)
= −qipje
(p+q)δ,(
Λi0(−1)e
pδ
)
(n)
(
Λj0(−1)e
qδ
)
= 0 for n ≥ 2.
Proof. The n-th product
(
Λi0(−1)e
pδ
)
(n)
(
Λj0(−1)e
qδ
)
is the coefficient of
z−n−1 in Y
(
Λi0(−1)e
pδ, z
)
Λj0(−1)e
qδ. Applying the (−1)-st product iden-
tity (2.7) and the definition (2.20) of vertex operators, we find:
Y (Λi0(−1)e
pδ, z)Λj0(−1)e
qδ
= :Y (Λi0, z)Y (e
pδ, z): Λj0(−1)e
qδ
=
(∑
l<0
Λi0(l)z
−l−1
)
epδz(pδ)(0) exp
(∑
m>0
(pδ)(−m)
zm
m
)
×
× exp
(∑
m>0
(pδ)(m)
z−m
−m
)
Λj0(−1)e
qδ
+ epδz(pδ)(0) exp
(∑
m>0
(pδ)(−m)
zm
m
)
exp
(∑
m>0
(pδ)(m)
z−m
−m
)
×
×
(∑
l≥0
Λi0(l)z
−l−1
)
Λj0(−1)e
qδ.
Next, we use the brackets (2.16) in the Heisenberg Lie algebra and its
action (2.19) on its highest-weight vectors, to get:
[(pδ)(m),Λ
j
0(−1)] = δm,1pj, [Λ
i
0(l),Λ
j
0(−1)] = 0,
and
(pδ)(m)e
qδ = 0, Λi0(l)e
qδ = δl,0qie
qδ, m, l ≥ 0.
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Moreover, since ε(δi, δj) = 1, we have epδeqδ = e(p+q)δ. From here, we
obtain:
Y (Λi0(−1)e
pδ, z)Λj0(−1)e
qδ
=
(∑
l<0
Λi0(l)z
−l−1
)
exp
(∑
m>0
(pδ)(−m)
zm
m
)(
Λj0(−1) − pjz
−1
)
e(p+q)δ
+ exp
(∑
m>0
(pδ)(−m)
zm
m
)(
qiΛ
j
0(−1)z
−1 − qipjz
−2
)
e(p+q)δ.
To find
(
Λi0(−1)e
pδ
)
(n)
(
Λj0(−1)e
qδ
)
for n ≥ 0, we extract the terms with
negative powers of z from the above expression:(
−pjΛ
i
0(−1)z
−1 + qiΛ
j
0(−1)z
−1 − qipjz
−2 − qipj(pδ)(−1)z
−1
)
e(p+q)δ
This gives us(
Λi0(−1)e
pδ
)
(0)
(
Λj0(−1)e
qδ
)
=
(
−pjΛ
i
0(−1) + qiΛ
j
0(−1) − qipj(pδ)(−1)
)
e(p+q)δ,(
Λi0(−1)e
pδ
)
(1)
(
Λj0(−1)e
qδ
)
= −qipje
(p+q)δ,(
Λi0(−1)e
pδ
)
(n)
(
Λj0(−1)e
qδ
)
= 0 for n ≥ 2.
The other n-th products follow from similar reasoning.
Recall the universal affine vertex algebra Vk(g) of level k, defined
in Section 3.2. We will consider the tensor product of vertex algebras
Vk(g)⊗ VJ ; see (2.9). We can extend σ to an automorphism σ of Vk(g)
of order N as described in (3.6). Then we extend σ to an automorphism
of the vertex algebra Vk(g)⊗ VJ , again of order N , by letting
(4.13) σ(a⊗ b) = σa⊗ b.
Let M be a σ-twisted Vk(g)-module, and M
′ be a VJ -module (un-
twisted). Then M = M ⊗M ′ is a σ-twisted Vk(g)⊗ VJ -module with a
state-field correspondence YM given by (2.15). Now we can formulate
our main theorem, which uses twisted Vk(g) ⊗ VJ -modules to create
representations of the twisted toroidal Lie algebra.
Theorem 4.2. Let σ be an automorphism of order N of a simple
finite-dimensional Lie algebra g, and let M =M ⊗M ′ be a σ-twisted
Vk(g)⊗ VJ -module. Then the Lie algebra of modes of the fields
YM(a⊗ epδ, z), YM(1⊗ epδ, z),
YM(1⊗ δi(−1)e
pδ, z), YM(1⊗ Λi0(−1)e
pδ, z),
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where a ∈ g and p ∈ Zr, form a representation of the twisted toroidal
Lie algebra Lˆr+1,k(g, σ
−1) of level k on M. Explicitly, we have a Lie
algebra homomorphism ϕ : Lˆr+1,k(g, σ
−1)→ EndM given by:
a⊗ tm0 t
p 7→
(
a⊗ epδ
)M
(m
N
)
,
K0 ⊗ t
Nm
0 t
p 7→
1
N
(
1⊗ epδ
)M
(m−1)
,
Ki ⊗ t
Nm
0 t
p 7→
(
1⊗ δi(−1)e
pδ
)M
(m)
,
di ⊗ t
Nm
0 t
p 7→
(
1⊗ Λi0(−1)e
pδ
)M
(m)
,
(4.14)
for p ∈ Zr, 1 ≤ i ≤ r, and a ∈ g, m ∈ Z such that σa = e−2πim/Na.
Proof. Recall that Lr+1(g, σ
−1)m for m ∈ Z is spanned by all elements
of the form a⊗tm0 t
p where p ∈ Zr and a ∈ g with σ−1a = e2πim/Na. The
latter condition is equivalent to σa = e−2πim/Na. Hence, Lˆr+1,k(g, σ
−1)
is spanned by all elements in the left-hand side of (4.14), subject to
the relations:
NmK0 ⊗ t
Nm
0 t
p +
r∑
i=1
piKi ⊗ t
Nm
0 t
p = 0.
For the map ϕ to be well defined, we need to check that
Nm
1
N
(
1⊗ epδ
)M
(m−1)
+
r∑
i=1
pi
(
1⊗ δi(−1)e
pδ
)M
(m)
= 0,
or equivalently,
m
(
1⊗ epδ
)M
(m−1)
+
(
1⊗ (pδ)(−1)e
pδ
)M
(m)
= 0.
This follows from the translation covariance property (2.6):
−m
(
1⊗ epδ
)M
(m−1)
=
(
T (1⊗ epδ)
)M
(m)
=
(
1⊗ Tepδ
)M
(m)
=
(
1⊗ (pδ)(−1)e
pδ
)M
(m)
,
where we used (2.21) and that T acts as T ⊗ I + I ⊗ T on a tensor
product of vertex algebras.
To show that ϕ is a homomorphism, we need to check that the
defining Lie brackets (4.3)–(4.7) of the twisted toroidal Lie algebra
Lˆr+1,k(g, σ
−1) match with the commutators of modes in the right-
hand side of (4.14). The latter are determined by the commutator
formula (2.14). We can apply (2.14) because σa = e−2πim/Na im-
plies σ(a ⊗ epδ) = e−2πim/N (a ⊗ epδ), since σ acts as the identity
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on VJ . Similarly, if b ∈ g and n ∈ Z satisfy σb = e
−2πin/Na, then
σ(b⊗ eqδ) = e−2πin/N(b⊗ eqδ) for q ∈ Zr. Hence,[
(a⊗ epδ)M(m
N
), (b⊗ e
qδ)M( n
N
)
]
=
∞∑
l=0
(
m
N
l
)(
(a⊗ epδ)(l)(b⊗ e
qδ)
)M
(m
N
+ n
N
−l)
.
The l-th product (a⊗ epδ)(l)(b⊗ e
qδ) is the coefficient of z−l−1 in the
expression
Y (a⊗ epδ, z)(b⊗ eqδ) = Y (a, z)b ⊗ Y (epδ, z)eqδ.
We are only interested in the negative powers of z. By the products
(3.5) in the affine vertex algebra Vk(g), we have
Y (a, z)b = (a|b)k1z−2 + [a, b]z−1 + · · · ,
where · · · denote terms with higher powers of z. The products in the
lattice vertex algebra VJ were computed in Lemma 4.1. In particular,
we have
Y (epδ, z)eqδ = e(p+q)δ + (pδ)(−1)e
(p+q)δz + · · · .
Putting these together, we get
Y (a⊗ epδ, z)(b⊗ eqδ) = z−2(a|b)k1⊗ e(p+q)δ
+ z−1[a, b]⊗ e(p+q)δ + z−1(a|b)k1⊗ (pδ)(−1)e
(p+q)δ + · · · .
Hence, we obtain the bracket[
ϕ
(
a⊗ tm0 t
p
)
, ϕ
(
b⊗ tn0 t
q
)]
=
[(
a⊗ epδ
)M
(m
N
)
,
(
b⊗ eqδ
)M
( n
N
)
]
=
(
[a, b]⊗ e(p+q)δ
)M
(m
N
+ n
N
)
+ (a|b)k
(
1⊗ (pδ)(−1)e
(p+q)δ
)M
(m
N
+ n
N
)
+
m
N
(a|b)k
(
1⊗ e(p+q)δ
)M
(m
N
+ n
N
−1)
= ϕ
(
[a, b]⊗ tm+n0 t
p+q
)
+ k(a|b)
r∑
i=1
piϕ
(
Ki ⊗ t
m+n
0 t
p+q
)
+ k(a|b)mϕ
(
K0 ⊗ t
m+n
0 t
p+q
)
.
By (4.2), the last expression is exactly ϕ([a⊗ tm0 t
p, b⊗ tn0t
q]).
We compute the other brackets in a similar fashion, and we obtain
for m,n ∈ Z, a ∈ C1⊕ g, 1 ≤ i, j ≤ r, p, q ∈ Zr:[(
1⊗ u(−1)e
pδ
)M
(m)
,
(
a⊗ eqδ
)M
( n
N
)
]
=
[(
1⊗ u(−1)e
pδ
)M
(m)
,
(
1⊗ δj(−1)e
qδ
)M
(n)
]
= 0, u ∈ {1, δi},
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1⊗ Λi0(−1)e
pδ
)M
(m)
,
(
a⊗ eqδ
)M
( n
N
)
]
= qi
(
a⊗ e(p+q)δ
)M
(m+ n
N
)
,[(
1⊗ Λi0(−1)e
pδ
)M
(m)
,
(
1⊗ δj(−1)e
qδ
)M
(n)
]
= qi
(
1⊗ δj(−1)e
(p+q)δ
)M
(m+n)
+ δi,j
(
1⊗ (pδ)(−1)e
(p+q)δ
)M
(m+n)
+mδi,j
(
1⊗ e(p+q)δ
)M
(m+n−1)
,[(
1⊗ Λi0(−1)e
pδ
)M
(m)
,
(
1⊗ Λj0(−1)e
qδ
)M
(n)
]
= qi
(
1⊗ Λj0(−1)e
(p+q)δ
)M
(m+n)
− pj
(
1⊗ Λi0(−1)e
(p+q)δ
)M
(m+n)
− qipj
(
1⊗ (pδ)(−1)e
(p+q)δ
)M
(m+n)
−mqipj
(
1⊗ e(p+q)δ
)M
(m+n−1)
.
A close inspection shows that these brackets agree with the brackets
(4.3)–(4.7) in the twisted toroidal Lie algebra Lˆr+1,k(g, σ
−1). This com-
pletes the proof of the theorem.
4.4. Twisted modules over lattice vertex algebras and twisted
toroidal Lie algebras. Now let g be a simple Lie algebra of type Xℓ
where X = A,D,E (simply laced), with a root system ∆ and a root
lattice Q = Z∆. Let σ be an automorphism of the lattice Q of finite
order N .
Consider the orthogonal direct sum of lattices
L = Q⊕ J,
where, as before, J is defined by (4.10), (4.11). We extend σ to an
automorphism of L, acting as the identity on J , and we lift it to an
automorphism of the lattice vertex algebra
VL ≃ VQ ⊗ VJ .
Finally, let
H = C⊗Z L = h⊕ span{δ
i,Λi0}1≤i≤r,
where h = C⊗Z Q is the Cartan subalgebra of g.
With the above notation, using the Frenkel–Kac construction [18],
we can reformulate Theorem 4.2 as follows.
Corollary 4.3. For any σ-twisted VL-module M, the Lie algebra of
modes of the fields
YM(eα+pδ, z), YM(h(−1)e
pδ, z) (α ∈ ∆ ∪ {0}, h ∈ H, p ∈ Zr)
form a representation of the twisted toroidal Lie algebra Lˆr+1,1(g, σ
−1)
of level 1 on M.
Proof. The proof is the same as the proof of Corollary 3.3.
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In the special case when σ is a Coxeter element in the Weyl group
of g, the above corollary recovers Billig’s construction from [9].
Observe that, for r = 1, the lattice Q⊕ Zδ is the root lattice of the
affine Kac–Moody algebra gˆ of type X
(1)
ℓ , while H = h⊕Cδ⊕CΛ0 is the
Cartan subalgebra of gˆ. Moreover, the set {α+pδ |α ∈ ∆∪{0}, p ∈ Z}
is the union of {0} and the root system of gˆ. A natural question is
whether one can generalize the statement of Corollary 4.3 to the case
when σ is an infinite-order automorphism of L, such as, for example,
an element of the Weyl group of gˆ (cf. [4]).
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